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On Enhancing Resilience to Cascading Failures via
Post-Disturbance Tweaking of Line Reactances
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Abstract—The primary goal of this paper is to develop an opti-
mization framework for studying the efficacy of transmission line
reactance tweaking as a mechanism for post-disturbance control
in a transmission network. We start by developing a mixed-integer
linear programming (MILP) formulation for tracking the redistri-
bution of direct current (DC) flows and the graph-theoretic evolu-
tion of a network topology over the course of cascading failures.
Next, we propose a min–max setup for studying the impact of post-
disturbance reactance tweaking on the resilience of the system to a
worst-case disturbance. We devise a MILP reformulation scheme
for the underlying bilevel non-convex mixed-integer nonlinear pro-
gram to facilitate the computation of its globally optimal solution.
We then develop a MILP framework for computing a tight upper
bound (best-case scenario) on the efficacy of post-disturbance re-
actance tweaking for a given set of bus loads. Our numerical case
study suggests that post-disturbance reactance tweaking, even on
only a small number of lines, can be effective in reducing the amount
of load shed in some scenarios in the tested system.

Index Terms—Cascading failures, flexible AC transmission sys-
tems (FACTS), post-contingency control, mixed-integer bilevel pro-
gramming, global optimization.

I. INTRODUCTION

OVER the past two decades, large-scale cascading failures
in various power systems have highlighted the need for

substantially more effective mechanisms to increase power sys-
tems’ resilience to disturbances. As a result, identifying various
strategies and technologies that can increase the resilience of a
power system to cascading failures has been a core topic of inter-
est in the power systems literature. Particularly, many resilience
enhancement strategies have focused on post-disturbance con-
trol. Their objective has often been to maximize the amount of
demand that can be satisfied after a disturbance while returning

Manuscript received December 1, 2018; revised April 8, 2019 and May 26,
2019; accepted June 1, 2019. Date of publication June 12, 2019; date of current
version October 24, 2019. This work was supported by the National Science
Foundation Award ECCS-1135834. Paper no. TPWRS-01754-2018. (Corre-
sponding author: Ali Faghih.)

A. Faghih was with the Department of Electrical Engineering and Com-
puter Science and the Laboratory for Information and Decision Systems,
Massachusetts Institute of Technology, Cambridge, MA 02139 USA (e-mail:
faghih.a@gmail.com).

M. A. Dahleh is with the Department of Electrical Engineering and Computer
Science and the Institute for Data, Systems, and Society, Massachusetts Institute
of Technology, Cambridge, MA 02139 USA (e-mail: dahleh@mit.edu).

This paper has supplementary downloadable material available at
http://ieeexplore.ieee.org, provided by the authors.
Color versions of one or more of the figures in this paper are available online at
http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TPWRS.2019.2922288

the system to reliable operating conditions. To that end, much
attention has been given to the transmission system due to its
significant impact on the propagation and control of cascading
failures. Transmission line switching, intentional islanding, and
controlled load-shedding have been studied extensively in the
existing literature (e.g. see [1]–[3] and the references therein).
The existing research suggests that these well-studied mecha-
nisms can be quite effective. However, as the demand for elec-
tricity grows and uncertainty in the system increases, there seems
to be a need for technologies that can allow the system to remain
resilient even at higher loading levels and in the face of a broader
array of contingencies.

In this paper, we study “reactance tweaking” as a mechanism
for post-disturbance control in a transmission network. The core
idea behind this mechanism is simple: after the redistribution of
power flows due to line failure, some lines become overloaded
while some other lines have some residual capacity remaining;
optimal tweaking of line reactances could reduce the flow in
overloaded lines and direct it to those lines that have some un-
used capacity. Using the direct current (DC) approximation to
alternating current (AC) power flows, we develop a framework
for assessing the efficacy of this mechanism. In particular, we
first develop a MILP model for tracking the evolution of net-
work topology and redistribution of DC flows as cascading fail-
ures propagate over multiple stages. We then study the efficacy
of post-disturbance reactance tweaking in response to a distur-
bance that seeks to cause the worst-case-scenario load-shedding
by removingk lines from the network. Next, we develop a frame-
work for computing an exact upper bound (best-case scenario)
on the efficacy of post-disturbance reactance tweaking in re-
sponse to any N − k contingency for a given k and a given load
level (an “N − k contingency” is a disturbance that is initiated
by the failure of up to k out of N lines). We conclude by pre-
senting a set of numerical experiments to study the worst- and
best-case efficacy of this mechanism on a test system.

This research is in line with the recent surge in both academic
research and industrial interest regarding incorporation of power
electronic technologies into the transmission grid for more sus-
tainable, reliable, and flexible operation of the system. One set
of technologies and devices that can provide flexibility in the
system are the Flexible Alternating Current Transmission Sys-
tems (FACTS) (see e.g. [4] and [5]). The FACTS device most
relevant to the study in this paper is the Thyristor-Controlled
Series Compensator (TCSC). According to [4], TCSC provides
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flexible (and smooth) control of the impedance of a transmis-
sion line with considerably quicker response relative to tradi-
tional control technologies, and the utilization of this device in
various applications such as enhancement of transient stability,
preventing voltage collapse, and improving system reliability
has been studied in the literature (e.g. see [6]–[8]). The applica-
tion of TCSC that is most relevant to the work in this paper is
its use for mitigating transmission line overloads and reducing
congestion/losses. This application of TCSC appears to have re-
ceived less attention in the literature than the above-mentioned
applications, though multiple papers such as [4] and [9]–[11]
have studied the value of TCSC in reducing line overloads from
various aspects, mostly for the case of an N − 1 contingency
and particularly for the application of security-constrained eco-
nomic dispatch, suggesting that TCSC can enhance the system’s
security. However, none of these works have evaluated reac-
tance tweaking from the same perspective as the model presented
herein. The optimizations presented in this paper are mainly for
offline assessment of worst-case load loss and best-case efficacy
scenarios of adjusting TCSC post-disturbance, and therefore,
are generally meant to be performed for contingency analysis at
the time of power system planning. Although our results can be
extended to be applied in online congestion management, this
direction is not considered in this paper.

From a high-level perspective, this paper is also related to
numerous works that have focused on identifying a small group
of lines whose failure results in a power system that can no
longer satisfy a prescribed minimum amount of demand (see
e.g. [12]–[15]). To simplify numerical computations, many
such studies have used DC flow equations as an approximation.
Many of the models proposed for resilience assessment of
power systems are in the form of bilevel (e.g. min-max) and
trilevel (e.g. min-max-min) optimization problems (see, e.g. [1],
[13], [16], and [17]) in which an adversarial agent and a system
operator (SO) optimize their decisions strategically. Resilience
is then typically measured by the load lost due to a worst-case
disturbance despite the SO’s post-disturbance control. Such
problems are often referred to as “network interdiction” prob-
lems. The literature on bilevel network interdiction problems
with purely linear and continuous inner-level programs is ex-
tensive. When the inner-level problem is bounded and feasible,
a common technique is to reformulate the bilevel program into a
one-level MILP by invoking the strong duality of the inner-level
linear program (LP) and linearizing the integer×continuous
bilinear terms (e.g. see [18]). On the other hand, the literature on
network interdiction problems with mixed-integer inner-level
optimization problems (such as the problem of interest in this
paper) is more recent and not as extensive. In terms of optimiza-
tion theory, generally speaking, both analytical characterization
and computational complexity of problems with mixed-integer
inner-level programs are considerably more challenging. This
is because strong duality no longer holds and the integer inner-
level variables add non-convexity to the problem. A majority of
the previous work on interdiction problems with mixed-integer
inner-level optimization has dealt with “transmission line
switching”; some examples of works in this line of literature
include [1], [3], and [19] in which different techniques varying
from locally optimal heuristics (such as the genetic algorithm

and multi-start Benders decomposition methods) to global
optimization techniques have been employed. The column-and-
constraint generation framework presented in [1] shall be used
extensively in this paper as well. However, none of these works
have studied reactance tweaking in their formulation, and their
underlying optimization problems are different from ours.

More recently, [20] and [21] have studied the problem of re-
actance tweaking under two separate models. Both models are
different from ours and cover other disturbance scenarios than
what is studied herein. Moreover, neither study involves mixed-
integer programming, which makes their mathematical contri-
butions also different from ours. In particular, [20] focuses on
disturbances caused by changes in line impedances using AC
power flow equations; however, in their post-disturbance sys-
tem restoration model, line impedance is not a decision variable
of interest, which makes their underlying optimization problem
quite different from ours. The model studied in [21] focuses on
disturbances caused by balanced changes in the supply-demand
vector. Under that model, they study the margin of robustness
in DC flow networks where link susceptances can be tweaked
in response to a disturbance. Because of the difference in the
nature of the disturbances studied, their optimization model and
contributions are different from ours.

A. Summary of Contributions

The contributions of this paper can be summarized as follows:
1) We develop a MILP model for tracking the evolution of

network topology and redistribution of DC flows as cas-
cading failures propagate over multiple stages.

2) We build a bilevel optimization framework for worst-
case efficacy assessment of post-disturbance reactance
tweaking in response to N − k contingencies. We give
a rigorous framework for deriving a MILP reformula-
tion of the underlying non-convex bilevel mixed-integer
nonlinear program (MINLP), which involves nonlin-
earities stemming from both binary×continuous and
continuous×continuous bilinear terms in the inner-level
problem. The continuous×continuous bilinear terms pose
a significant computational burden for computing the
globally optimal solution. However, we manage to de-
velop exact reformulation techniques to solve this prob-
lem as a MILP by shifting the nonlinearity from the
continuous×continuous bilinear terms to auxiliary binary
variables that are introduced into the problem as linear
terms. This allows us to then tailor existing MILP-based
decomposition techniques (see e.g. [1]) to our MILP re-
formulation and solve the underlying bilevel non-convex
MINLP to global optimality. Considering that a large num-
ber of variables and constraints could exist in the underly-
ing MINLP for a real-world large-scale power system, it is
noteworthy that our MILP reformulation allows for use of
existing powerful MILP methods which are “mature” in
the sense that they are fast, robust, and capable of handling
large problems with millions of variables (see [22]).

3) We develop a single-level MILP framework for calculating
a performance upper bound (best-case efficacy) for post-
disturbance reactance tweaking in response to the set of
all N − k contingencies.

Authorized licensed use limited to: b-on: Universidade de Coimbra. Downloaded on April 27,2025 at 07:16:21 UTC from IEEE Xplore.  Restrictions apply. 



FAGHIH AND DAHLEH: ON ENHANCING RESILIENCE TO CASCADING FAILURES VIA POST-DISTURBANCE TWEAKING 4923

4) The optimization framework we shall develop here can
be used by researchers to study other relevant models of
post-disturbance control in future research. For instance,
because our model can handle integer variables at the inner
level, it can be applied for combining reactance tweaking
with some other means of post-disturbance control that
are discrete in nature (e.g. combining reactance-tweaking
with line-switching).

II. NOTATION AND NOMENCLATURE

Mathematical Notation:
� | · | For a finite set X , its cardinality shall be denoted by
|X|; however, for a vector or matrix X , |X| shall denote
the absolute value of X

� The vector corresponding to any particular parameter is
represented in bold-face, and the i-th entry of a vector x is
denoted by xi

� {x} With a slight abuse of notation, for a vector x, we
denote by {x} the set of all entries of x

� diag(x) A diagonal matrix whose diagonal entries are the
elements of a vector x

� For a matrix A, its transpose is denoted by A′
� 1 Denotes a vector of all ones
� < A >≡< B > Denotes the equivalence of A and B
Network topology:
� B The finite set B = {1, ..., n} of buses (nodes)
� E The finite set E = {1, ..., N} of lines (edges)
� (B, E) This pair denotes a directed multigraph
� n The number of nodes (buses)
� N The number of lines. Each line is indexed by an integer

in the set {1, . . . N}.
� s(L) For a line L = (c, d, h) ∈ E , extending from bus c ∈
B to bus d ∈ B and indexed by h, we define s(L)

def
= c (i.e.

the start bus of the line)
� e(L) For a line L = (c, d, h) ∈ E , extending from bus c ∈
B to bus d ∈ B and indexed by h, we define e(L)

def
= d

(i.e. the end bus of the line)
� Ei The set of all lines incident to node i
� M The incidence matrix is a |B| × |E| matrix in which

every entryMBL = 1 ifB = s(L) andMBL = −1 ifB =
e(L), and MBL = 0 otherwise

Transmission line characteristics:
� C

a
ijh The active (operational) flow carrying capacity of

line (i, j, h) (i.e. line (i, j, h) is guaranteed to be active as
long as the power it carries is below C

a
ijh)

� C
f
ijh The failing capacity threshold of line (i, j, h), i.e.

line (i, j, h) is guaranteed to fail as soon as the power it

carries reaches (or exceeds) C
f
ijh

� xmin
ijh (xmax

ijh ) The minimum (maximum) allowed reactance
for line (i, j, h) after tweaking

� xo
ijh The reactance of line (i, j, h) before tweaking (note

that xo
ijh ∈ [xmin

ijh xmax
ijh ] by assumption)

Parameters for power flow and cascading failures:
� T The time-horizon of the cascade, i.e. the number of

stages for which the cascading failures propagate before
the system operator’s response

� bt The vector of net bus injections at time t ≤ T
� Bo

± The set of all buses with non-zero injections at t = 0
� θt The vector of all bus phase angles at time t
� Itijh The power flow (DC) in line (i, j, h) at time t
� ztijh Binary variable indicating the failure state of line
(i, j, h) at the end of time t (ztijh = 1 if the line is active
by the end of stage t, and ztijh = 0 otherwise)

� stijh Binary variable that switches from 1 to zero at time
t if line (i, j, h) trips at time t (if line (i, j, h) has already
failed prior to stage t, then stijh = 0)

� yti Binary variable indicating the islanding of node i at the
end of time t (yti = 0 if the node has been islanded by the
end of stage t, and yti = 1 otherwise)

� i
t↔ j Indicates that an active path exists between buses i

and j at the end of stage t
� i

t
� j Indicates no active path exists between buses i and

j at the end of stage t
Remark 1: Transmission lines are usually denoted by the pair

of buses belonging to their end nodes. However, it is possible
that more than one line connect a pair of buses to each other,
like in the test system presented in our case study in Section VI.
This is why we denote transmission lines using a triplet.

III. MODELING CASCADING FAILURES

In this section, we shall develop a MILP model for tracking
the evolution of network topology and redistribution of flows as
cascading failures propagate over multiple stages. We will use
the DC approximation to AC power flows (see e.g. [23]); thus:
Pijh = (θi − θj)/xijh, where Pijh denotes the real power flow
on line (i, j, h), θi denotes the phase angle at node i and xijh

denotes the line’s reactance.
Remark 2: To mitigate the computational burden of dealing

with AC flow equations, we shall use the DC approximation
like many other related studies in the existing literature have
done (e.g. [1], [16], [18], [19], and [21]). However, it should
be acknowledged that it would be more realistic to capture the
full AC flow equations including both active and reactive power
flow to give a more comprehensive analysis.

We shall focus our attention only on the set of disturbances
that do not cause generation-load imbalances during the prop-
agation of cascading failures. Generally speaking, imbalances
between generation and load need to be resolved quickly,
because otherwise, the frequency’s deviation from the nominal
value might jeopardize the power system’s stability and security
(e.g. see [24]). Dealing with generation-load imbalances in
our multi-stage model would add a significant layer of com-
putational complexity to the underlying optimization problem.
Thus, we shall impose the constraint that all load and generation
buses remain connected to each other for the duration of
cascading failures. This will ensure that the load and generation
remain equal throughout the propagation of cascading failures.
Combining reactance-tweaking with problems such as dynamic
load-shedding for disturbances involving generation-load im-
balances is a related problem that merits its own line of future
research. Nevertheless, the graph-theoretic techniques that we
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develop in this paper are general and can be extended to model
settings with demand-generation imbalances.

Remark 3: The DC power flow model presented here does
not account for reactive power when dealing with overloaded
lines and reactance tweaking; however, controlling reactive
power in the presence of FACTS devices is an important re-
lated problem and we refer interested readers to e.g. [5], [25],
and the references therein for detailed discussions.

A. Modeling the Evolution of the Graph Topology Prior to the
System Operator’s Response

In our model, the “adversary”, which initiates the cascading
failures, causes a disturbance at time t = 0 by simultaneously re-
moving up to k lines from the grid. After that, the adversary takes
no further action, and cascading failures propagate forT discrete
stages. We assume that the only source of the propagation is the
failure of new lines at each stage due to the redistribution of
flows under the new network topology. We further assume that
any line trips at time t+ 1 if its flow capacity threshold is ex-
ceeded at time t and that line capacities remain the same before
and after reactance tweaking.

Remark 4: While we only focus on cascades caused by line
failures, other modes of cascades such as those induced by volt-
age and transient stability issues, etc. are also possible. Once we
lay the groundwork for these simpler/stylized cascade scenar-
ios, future research can build on that to address more complex
modes of cascades.

The binary tripping state of line (i, j, h) due to the distur-
bance at time 0 is binary: s0ijh = 0 if (i, j, h) is tripped by the
adversary and s0ijh = 1 otherwise. Next, we check if the dis-
turbance has disconnected any nodes from Bo

± by defining the
binary connectedness state of a node i at stage t, denoted by yti .
If y0i = 1, node i is still connected to Bo

± and if y0i = 0 it has
been islanded at time 0. We shall set one node g ∈ Bo

± as the
reference node, and determine the value of yt based on whether
each node is connected to g or not. The binary failure state of
line (i, j, h) at stage 0, z0ijh, determines whether line (i, j, h) has
failed (either due to tripping or due to islanding).

The nomenclature follows the same procedure for t ≥ 1. The
only distinction is that for t ≥ 1, the binary tripping state of a line
(stijh) will only change if line (i, j, h) trips due to overloading
at stage t. This is because the adversary is no longer part of the
game and the cascade is propagating purely due to the natural
redistribution of flows following the initial disturbance. Note
also that ztijh takes into account both forms of line failure, and
hence, it is updated at the end of stage t. Thus, ztijh ≤ stijh ∀t,
and stij ≤ zt−1

ijh for t ≥ 1.
Proposition 1: In order for the failure indicator zt to take a

value of 0 for either a disconnected or a tripped line, but not take
on a value of 0 for an active line, it is a necessary condition that
the following hold:

|M ′|yt ≥ zt ≥ st + |M ′|yt − 2, st ≥ zt, ∀t ≥ 0

Using the following theorem, we derive a full MILP approach
for tracking whether a line/node is still connected to another node
at the end of each stage.

Theorem 1: Given a binary vector yt ∈ {0, 1}|B| with
ytg = 1, if for some et ∈ {0, 1}|B|,pt ∈ {0, 1}|B|,ut ∈
{0, 1}|E|,wt ∈ {0, 1}|E| we have

st +wt − yti1 ≤ 1,

−wt ≤ M ′pt ≤ wt,

ptg = 0,

pti = 1− yti ,
∑

�∈En
ut
� = 2etn ∀n 	= g, n 	= i

∑

�∈Eg
ut
� = yti ,

∑

�∈Ei
ut
� = yti ,

ut ≤ xt, et ≤ yt, et ≤ yti1 (1)

then <g
t↔ i>≡<yti = 1> and <g

t
� i>≡< yti = 0>.

The key ideas in the above theorem are “cut removal” and
“path existence”. When a node i has been islanded away from
another node g, it means that an i− g cutset (please see
E-Companion XI for definition) has been removed from the
graph. Conversely, if i and g are connected, at least one path
has to exist between them. The above result provides a general
framework for tracking the evolution of the topology as cas-
cading failures propagate. However, as mentioned earlier, since
we are focusing on the case of disturbances that do not cause
demand-generation imbalances, we shall impose for any bus
q ∈ Bo

± the constraint that ytq = 1 for all t ≤ T − 1, while leav-
ing the ytj as free binary variables for all j /∈ Bo

±.

B. Modeling the Redistribution of Flows

It remains to describe how the redistribution of flows
is tracked. To do this, we first compute Kirchhoff’s Cur-
rent Law (KCL) and Kirchhoff’s Voltage Law (KVL)
equations at each stage: Mdiag(zt−1)It = bt (KCL) and
diag(xo)diag(zt−1)It = diag(zt−1)M ′θ (KVL), ∀t ≥ 1.
Next, by setting (zt−1

ijh + stijh − 1)|Itijh| ≤ C
a
ijh ∀(i, j, h) ∈

E , ∀t ≥ 1 we ensure that the flow in any line that has not failed
by the end of stage t− 1 and not tripped at stage t is below its
capacity limit. This inequality becomes redundant if the line
has failed by the end of t− 1 or is tripping at t. Similarly, we

enforce zt−1
ijh |Itijh| ≥ C

f
ijh(z

t−1
ijh − stijh) ∀(i, j, h) ∈ E , ∀t ≥ 1

to ensure that any line that trips at stage t had first survived
by the end of stage t− 1 and then overloaded at stage t. Note
that the absolute value terms and binary×continuous product
terms in the above equations can be linearized using standard
techniques described in E-Companion IX.

Please see E-Companion XII for a diagram that summarizes
the approach described in Section III.
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IV. EFFICACY OF POST-CONTINGENCY REACTANCE TWEAKING

IN RESPONSE TO WORST-CASE DISTURBANCE

For evaluating the efficacy of post-disturbance reactance
tweaking, we first develop a framework for measuring the worst-
case scenario. This entails calculating the worst-case amount of
load that needs to be shed to restore the network in the presence
of reactance tweaking. We shall refer to this worst-case scenario
as the “yield-minimizing N − k contingency.”

A. The System Operator’s Response: Reactance-Controlled
Yield Maximization

Before formally stating the optimization problem, let us first
introduce some additional nomenclature:
� T + 1 The stage at which post-disturbance control is im-

plemented by the system operator
� bdi The satisfied demand post-disturbance at bus i after the

system operator’s response
� bgi The amount of post-disturbance generation at bus i after

the system operator’s response
� bT+1

i Net nodal injection at node i as per the SO’s post-
disturbance dispatch. Note that for the special case of t =
T + 1 (i.e. the case of post-disturbance dispatch), we have
bT+1
i � bgi − bdi for each node i.

� b
d
i The amount of power demanded at bus i

� b
g
i The generation capacity at bus i

� τijh Binary variable indicating whether the reactance of a
line (i, j, h) at time T + 1 is allowed to be tweaked (τijh =
1 if tweaking is allowed, and 0 otherwise)

� H The total number of lines on which reactance tweaking
is allowed

Definition 1: We define the “reactance-controlled yield” as
the maximum demand that the SO can satisfy post-disturbance
in the presence of reactance tweaking (without violating any
physical constraints):

max
D

∑

i∈B
bdi

s.t. IT+1
ijh xT+1

ijh = sTijh(θ
T+1
i − θT+1

j ), ∀(i, j, h) ∈ E

bgi − bdi =
∑

(i,j,h)∈Ei
IT+1
ijh , ∀i ∈ B (a)

xT+1
ijh − xo

ijh − τijh(x
max
ijh − xo

ijh) ≤ 0∀(i, j, h) ∈ E
xo
ijh − xT+1

ijh + τijh(x
min
ijh − xo

ijh) ≤ 0∀(i, j, h) ∈ E
∑

(i,j,h)∈E
τijh = H ∀(i, j, h) ∈ E (b)

− C
a
ijh ≤ IT+1

ijh ≤ C
a
ijh, ∀(i, j, h) ∈ E

0 ≤ bgi ≤ b
g
i , ∀i ∈ B (c)

0 ≤ bdi ≤ b
d
i , ∀i ∈ B (d)

xT+1
ijh , θT+1

i , IT+1
ijh , bgi , b

d
i ∈ R, ∀i ∈ B, (i, j, h) ∈ E

τijh ∈ {0, 1}, ∀(i, j, h) ∈ E . (2)

where D � {xT+1, θT+1, IT+1,bg,bd, τ} is the set of deci-
sion variables, and sT ∈ {0, 1}|E| is the binary vector of line
failure states that is given to the problem as an input parameter.
The above reactance-controlled yield maximization problem is
the SO’s post-disturbance control problem for restoring the sys-
tem to reliable conditions.

In the above formulation, the objective is to maximize the
amount of load served. The first two constraints are KVL and
KCL for DC flows, the next three constraints ensure that the
reactances of at mostH lines can be tweaked within a prescribed
range (and all the other lines will retain their original reactances),
the sixth constraint ensures no line flow capacities are violated,
the seventh constraint ensures that the generation capacities of
each bus are not exceeded, and the eighth constraint ensures that
the served load at each bus will be between zero and the original
demand.

In Theorem 2 below, we develop a reformulation scheme that
turns the SO’s post-disturbance control problem (2) into a MILP.
As discussed in the proof of this theorem in the E-Companion,
we accomplish this by shifting the nonlinearity stemming from
continuous×continuous bilinear terms to auxiliary binary vari-
ables that we introduce into the problem in linear terms.

Theorem 2: If Γ∗ is the globally optimal value of the objec-
tive function in the optimization problem (2), then

Γ∗ = max
ω

∑

i∈B
bdi

s.t. μ+Υ(sT − 1) ≤ M ′θT+1 ≤ μ+Υ(1− sT );

− diag(sT )C
a ≤ IT+1 ≤ diag(sT )C

a
;

μ− diag(xo)IT+1 − 2Υτ ≤ 0;

− μ+ diag(xo)IT+1 − 2Υτ ≤ 0;

diag(xmin)α ≤ δ ≤ diag(xmax)α;

α = β +ϕ;

IT+1 = β −ϕ;
β − diag(C

a
)υ ≤ 0;

ϕ− diag(C
a
)(1− υ) ≤ 0;

δ = φ+Φ;

μ = φ−Φ;

Φ−Υ(1−ψ) ≤ 0;

φ−Υψ ≤ 0;

φ ≥ 0; Φ ≥ 0; ϕ ≥ 0; β ≥ 0;

Constraints (a), (b), (c), (d) from Prob (2);

α,β,ϕ,μ, δ,Φ,φ, IT+1 ∈ R|E|;

τ ,ψ,υ ∈ {0, 1}|E|; θT+1, bg, bd ∈ R|B| (3)

where Υ � G
∑

(p,q,h)∈E x
max
pqh and ω = {α,β,ϕ,μ, δ,Φ,φ,

IT+1, τ ,ψ,υ,θT+1, bg, bd}. (Note that α,β,ϕ,μ, δ,Φ,φ,
ψ,υ are all auxiliary variables).
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For brevity of exposition, we switched from scalar notation
in (2) to matrix notation in (3) above (for a detailed description
of the constraints in (3) please see the proof of Theorem 2 in the
E-Companion).

By denoting the feasible set in (3) by Ω, (3) can be written in
a compact form as:

max
ω∈Ω

∑

i∈B
bdi . (4)

So far, we have formulated how the SO re-dispatches the system
at time T + 1 in our model. Now that we have formulated the
system operator’s problem, we shall describe the adversary’s
problem.

B. The Adversary Minimizes the Maximum Post-Disturbance
Yield: A Bilevel MINLP for the Worst-Case Scenario

Given that the reactance-controlled yield problem is a maxi-
mization problem as defined in (2), the adversary’s problem is a
min-max bilevel program:

min
A∈A

max
ω∈Ω

∑

i∈B
bdi (5)

where A is the vector of the adversary’s decision variables, and
A is the feasible set of the adversary’s problem (which are de-
fined explicitly in (6) below). This bilevel program, which is
our measure of the worst-case-scenario resilience, can now be
written as:

min
A

max
ω∈Ω

∑

i∈B
bdi

s.t. 1′so ≥ |E| − k

Mdiag(zt−1)It = bo ∀t ≥ 1

diag(xo)diag(zt−1)It = diag(zt−1)M ′θ ∀t ≥ 1

(zt−1
ijh + stijh − 1)|Itijh| ≤ C

a
ijh ∀(i, j, h) ∈ E , ∀t ≥ 1

zt−1
ijh |Itijh| ≥ C

f
ijh(z

t−1
ijh − stijh) ∀(i, j, h) ∈ E , ∀t ≥ 1

|M ′|yt ≥ zt ≥ st + |M ′|yt − 2 ∀t ≥ 0

yti = 1 ∀i ∈ Bo
±, ∀t ≤ T − 1 (T ≥ 1 only)

yt−1 ≥ yt, ∀t ≤ T − 1 (T ≥ 1 only)

st ≥ zt ∀t ≥ 0

zt−1 ≥ st ∀t ≥ 1

i
t↔ j ∀ i, j ∈ Bo

±, 1 ≤ t ≤ T − 1 (T ≥ 1 only)

ztijh, s
t
ijh, y

t
q ∈ {0, 1}, ∀(i, j, h) ∈ E , ∀q ∈ B (6)

where A = {s0, . . . , sT , z0, . . . , zT−1,y0, . . . ,yT−1, I1, . . . ,
IT , θ1, . . . , θT ,P}. Here, P denotes the set of all variables
used in keeping track of the connectivity of the buses for all
t ∈ {0, . . . , T − 1} (which are the auxiliary variables defined in
Theorem 1). In (6), the first constraint requires that the adver-
sary trips up to k lines at t = 0, the second and third constraints
are for KVL and KCL at each stage, the fourth and the fifth
constraints keep track of the lines that have survived and failed,

respectively, and the remainder of the constraints keep track of
the connectivity and evolution of the topology as established in
Proposition 1 and Theorem 1.

The next step is to linearize all the binary×continuous product
terms and absolute value terms in problem (6) so that we can
write the outer-level problem as a MILP. Doing so is a standard
trick used frequently in the optimization literature, which we
have summarized in E-Companion IX. For the remainder of this
paper, we shall denote the set of the decision variables in the
linearized reformulation of the adversary’s problem by a and
the feasible set of this linearized reformulation by ã. The bilevel
MILP reformulation of the min-max problem can then be written
as

min
a∈ã

max
ω∈Ω

∑

i∈B
bdi . (7)

C. Solving the Bilevel MINLP Underlying the
Min-Max Problem

Now that Problem (2) has been reformulated as a MILP, the
min-max problem (6) can be solved to global optimality using
a decomposition method involving column and constraint gen-
eration ([1], [26], [27]).

We can now formally establish how a column-and-constraint-
generation scheme can be applied to our problem to obtain the
globally optimal solution to problem (6). This entails deriving
bounds on the dual variables in the innermost-level program in
our problem. First, we turn Problem (6) into a large-scale single-
level MILP. To do so, we start by separating the continuous
variables in (3) from the integer ones. Let us denote the vector
of integer decision variables in (3) by ξ, denote the set of all
ξ that maintain the feasibility of Problem (3) by I, denote the
vector of continuous decision variables in (3) by ϑ, and denote
the set of the constraints in (3) that involve continuous variables
(for a given ξ) by C(ξ); then we can write Problem (3) as:

max
ξ∈I

max
ϑ∈C(ξ)

∑
i∈B

bdi
(8)

and since the inner-level problem above is a linear program, we
can write it in standard form:

max
ϑ∈C(ξ)

∑
i∈B

bdi ≡ max
Cϑ≤cξ

f ′ϑ (9)

where f ′ϑ =
∑

i∈B b
d
i . Then we invoke strong duality as shown

in the proposition below.
Proposition 2: Strong duality holds for the inner-level prob-

lem in (8), and hence,

max
ξ∈I

max
ϑ∈C(ξ)

∑
i∈B

bdi = max
ξ∈I

min
C ′λξ=f ,λξ≥0

c′ξλξ. (10)

Definition 2: We define the set of all “bilinear terms” P (g)
of a multivariate polynomial g(·) as the set of all terms in g(·)
in which strictly two variables have degree 1 and all other vari-
ables have degree 0. The set of all “bilinear forms” R(g) of a
multivariate polynomial g(·) is then obtained by dividing each
element of P (g) by its scalar coefficient (please see Example 1
in E-Companion X).

Definition 3: Consider two vectors p = [p1, p2, . . . , pm]′

and q = [q1, q2, . . . , qd]
′ for some (finite) m, d ∈ Z+. Then,
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we define G(g,p,q) � R(V(p,q)) ∩R(g(p,q)), where
V(p,q) = 1′pq′1 and g(·) is a multivariate polynomial (recall
that R(·) is the set of bilinear forms). Also, denote by F a
bijective map from G(g,p,q) to a set J. Then, we shall define
the substitution function J (g,p,q,J, F ) as a function that
replaces in g(·) every instance of each element of G(g,p,q)
with its corresponding element from J (as per map F ); note
that all the other terms in g(·) remain unchanged. Also,
YF,p : J → {p} is a surjective map that maps each element of
J to its corresponding entry in p as per the change of variables
defined by map F (please see Example 2 in E-Companion X).

Next, by deriving a bound on the dual variables (i.e. λξ) and
enumerating over all elements of I, we reformulate Problem (6)
as a large-scale MILP as shown below.

Theorem 3: If Λ∗ is the globally optimal value of the objec-
tive function in the optimization problem (6), then

Λ∗ = min
η

γ

s.t. γ ≥ Wξ ∀ξ ∈ I
λξ ≥ 0∀ξ ∈ I
C ′λξ = f ∀ξ ∈ I
0 ≤ Ψξ ≤ YF,sT(Ψξ)V ∀ξ ∈ I
Ψξ ≤ (1− YF,sT(Ψξ))V + YF,λξ

(Ψξ) ∀ξ ∈ I
Ψξ ≥ (YF,sT(Ψξ)− 1)V + YF,λξ

(Ψξ) ∀ξ ∈ I
A ∈ A (11)

where Wξ = J (Z, sT ,λξ, {Ψξ}, F ) for Z(sT ,λξ) � c′ξλξ,

Ψξ ∈ R|(G(Z,sT ,λξ)|, η = {γ,A} ∪ (∪ξ∈I({λξ} ∪ {Ψξ})),F is
a bijective map (as defined in Definition 3) from G(Z, sT ,λξ)
to {Ψξ}, and V = max(1,

∑
i∈B b

o
i 1R +

(boi )).
Now that we have turned Problem (6) into a large-scale

single-level MILP, it can be solved to global optimality using
column and constraint generation ([26] and [27]). Please see
E-Companion VIII for details on how we can tailor the column-
and-constraint-generation procedure to the global optimization
of Problem (6). Please also see E-Companion XI for a proof that
this procedure converges in finite steps to a globally optimal
solution of Problem (6).

V. MAXIMUM EFFICACY OF REACTANCE TWEAKING IN

REDUCING THE POST-DISTURBANCE LOAD SHED

So far, we have focused on the worst-case scenario for mea-
suring the efficacy of reactance tweaking. However, this measure
of efficacy might not be sufficient as disturbances are most often
not the worst-case. There could be non-extreme scenarios where
reactance tweaking is quite effective. It is thus necessary to also
capture the efficacy of this post-disturbance control mechanism
in the face of the full array of N − k scenarios, not just the
worst case. To that end, below we introduce a general notion of
efficacy that we can then use to establish an upper bound (i.e.
a best-case scenario) on the capability of reactance tweaking in
dealing with any N − k disturbance.

Definition 4: The efficacy (E(κ)) of post-disturbance reac-
tance tweaking in response to a given disturbance κ is defined
as the total savings in the amount of load shed purely as the con-
tribution of this mechanism. In other words, if R(κ) denotes the
load satisfied after disturbanceκwhile using reactance tweaking
as a control mechanism, andQ(κ) denotes the load that could be
satisfied without using this mechanism for the same disturbance,
then E(κ) = R(κ)−Q(κ).

Definition 5: The constant-reactance post-contingency con-
trol problem is the yield maximization problem in which the SO
has no control over line reactances, and can be formulated as the
following LP:

max
d

∑

i∈B
bdi

s.t. IT+1
ijh xo

ijh +Υ(sTijh − 1) ≤ (θT+1
i − θT+1

j ),

∀(i, j, h) ∈ E
IT+1
ijh xo

ijh +Υ(1− sTijh) ≥ (θT+1
i − θT+1

j ),

∀(i, j, h) ∈ E
bgi − bdi =

∑

(i,j,h)∈Ei
IT+1
ijh , ∀i ∈ B

−C
a
ijhs

T
ijh ≤ IT+1

ijh ≤ C
a
ijhs

T
ijh, ∀(i, j, h) ∈ E

0 ≤ bgi ≤ b
g
i , ∀i ∈ B

0 ≤ bdi ≤ b
d
i , ∀i ∈ B

θT+1
i , IT+1

ijh , bgi , b
d
i ∈ R, ∀i ∈ B, (i, j, h) ∈ E (12)

whered = {θT+1, IT+1,bg,bd}. We shall write this LP in stan-
dard form as

max
W�≤ν

p′
 (13)

We can now derive a tight upper bound (best-case scenario)
on the efficacy of post-disturbance reactance tweaking among
the set of all possible N − k disturbances for a given k and a
given bus load scenario, as shown in the theorem below.

Theorem 4: For a given k, let us denote the set of all “N − k”
disturbances by K(k). For a given vector of bus injections bo,
the efficacy of post-disturbance reactance tweaking in response
to any κ ∈ K(k) is upper bounded as follows:

E(κ) ≤ max
Π

∑
i∈B

bdi − J (U , sT ,π, {Θ}, F )

s.t. π ≥ 0

W ′π = p

0 ≤ Θ ≤ YF,sT (s
T )V

Θ ≤ (1− YF,sT (Θ))V + YF,π(Θ)

Θ ≥ (YF,sT (Θ)− 1)V + YF,π(Θ)

ω ∈ Ω; a ∈ ã
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TABLE I
WORST-CASE-SCENARIO EFFICACY

and this upper bound is tight. Here, Π = {A,ω,π,Θ},
U(sT ,π) � ν ′π, F is a bijective map (as defined in Def-
inition 3) from G(U , sT ,π) to {Θ}, Θ ∈ R|(G(U,sT ,π)|, and
V = max(1,

∑
i∈B b

o
i 1R +

(boi )).

VI. NUMERICAL EXPERIMENTS

In this section, we shall present the results of our numerical
experiments on the IEEE One-Area RTS-1996 test case sys-
tem [28], which has 24 buses (11 generators and 16 buses with
load) and 38 lines (please see E-Companion XII for a diagram
of this system). The numerical experiments were performed in
MATLAB, and Gurobi [29] was used for solving the MILPs.
The operating range of the reactance tweaking devices were set
within the range reported for TCSC in [5]; according to [5], for
the capacitive characteristic of TCSC (i.e. for decreasing line
reactance) the maximum value is fixed at −0.8 times the line
reactance, and for the inductance (i.e. for increasing line reac-
tance) the maximum is 0.2 times the line reactance.

In our numerical experiments below, we will present results
for cases with k = 2 and k = 3; nevertheless, our methodology
works for k = 4 or any higher-order k, as the MILP framework
provided in the above results holds for any value of k.

A. Efficacy in the Event of a Worst-Case Disturbance

In the first set of numerical experiments, we focus on the
worst-case efficacy of reactance tweaking in the RTS-1996 test
system. In these experiments, we set k ∈ {2, 3}, H = 3 (i.e.
we allow tweaking the reactances of up to only three lines),
and T = 0. We use a base load flow scenario adopted from the
dataset for the IEEE One-Area RTS-1996 test case system [28].
At this load level, prior to the disturbance the system is serving
2850 MW of load in total. Table I displays the results for this set
of experiments (note that in this table, κ∗ denotes the worst-case
disturbance obtained from solving Problem 6).

The results in Table I suggest that reactance tweaking on up
to 3 transmission lines cannot increase the worst-case resilience
of the RTS-1996 system to a disturbance caused by removing
2 or 3 lines.

B. Best-Case Efficacy

To give a more comprehensive perspective into the efficacy
of reactance tweaking, we next focus on its “best-case scenario”
as defined in the previous section. In these experiments, we first
set k = 3 and H = 2. In the first step, using the same base load
flow scenario as above, we set T = 1 and compute (using the
MILP derived in Theorem 4) that the total amount of savings
in load-shedding as a pure contribution of reactance tweaking
(i.e. E(κ)) is tightly upper bounded by 60.7 MW for this case.
That is about 2.13% of the total demand. Then, we set T = 0 for

TABLE II
BEST-CASE EFFICACY

Fig. 1. Number of samples in which each line was chosen as one of the two
optimal lines to tweak (for k = 3).

the same load level and the tight upper bound on E(κ) drops to
42 MW. This is summarized in Table II.

Next, we randomize the load at each demand bus such that
it is sampled from a uniform distribution over the support
[LN

i − 0.1LN
i , LN

i + 0.1LN
i ]whereLN

i is the base load at bus i.
So, we are allowing for up to 10% uncertainty in the load at each
demand bus relative to the base load. We set T = 0 and run this
experiment 500 times for 500 different realizations of the ran-
dom vector of bus loads. We observe that the value of the upper
bound on E(κ) among these 500 trials ranges from 34.3 MW to
71.8 MW with mean 45.9 MW and standard deviation 6.8 MW.
Fig. 1 shows the number of times (out of 500 randomly sampled
load levels) that each line was chosen post-contingency as one
of the two optimal lines to tweak the reactance of.

An immediate observation in Fig. 1 is that several of the lines
indexed from 1 through 14 have been chosen more frequently
for reactance tweaking than almost all the lines indexed 15 on-
ward. Looking at the locations of lines 1− 14, an immediate
observation is that almost all the lines indexed 1− 14 are lo-
cated in the southern part of the power system (please see Fig. 4
in E-Companion XII), and that part of the system is demand-rich
as shown in the diagram (i.e. most of the demand buses in the
system are located in the southern part).

We repeat the above experiment for H = 3 and H = 1, while
keeping all other parameters the same as above. Increasing the
number of tweaking devices (H) from 2 to 3 does not change
the average bound on savings (i.e. average among 500 samples),
and the same two lines (i.e. lines 5 and 6) are the modes. The
line triplet that maximally benefits from tweaking is {5, 6, 12}.
As can be seen in the system diagram in Fig. 4 and the table of
line indexes (in E-Companion XII), line 5 connects bus 2 to 6,
line 6 connects bus 3 to 9, and line 12 connects bus 8 to bus 9.
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Fig. 2. Number of samples in which each line was chosen as the only optimal
line to tweak (for k = 3).

Decreasing the number of tweaking devices (H) from 2 to
1 decreases the average upper bound on savings among 500
samples to 33.9 MW (i.e. the average bound on savings decreases
by 12 MW compared to the case ofH = 2which had an average
savings of 45.9 MW as reported earlier in this section).

Fig. 2 shows the number of times that each line was chosen
post-contingency as the single optimal line to tweak. Note in
Fig. 2 that for H = 1, line 5 (connecting bus 2 to 6) is still the
mode. Recall that for H = 2, line 5 was the mode but line 6 also
had been selected as an optimal line to tweak in a large number of
trials. But this time line 6 is never the optimal line for reactance
tweaking in the 500 trials, and instead lines 7 (connecting bus 3
and 24) and 27 (connecting bus 15 and 24) have each appeared
over 100 times as the optimal line to tweak the reactance of.

This observation is compelling and could have non-trivial im-
plications for optimal placement of reactance tweaking devices
in this transmission system, especially when it comes to deciding
how many such devices are useful for the system. However, the
problem of optimal placement of reactance-tweaking devices is
not a topic of interest in this study and merits its own line of re-
search, and we leave a deeper investigation of these observations
to future research.

Remark 5: The newly-added constraints in the column-and-
constraint-generation algorithm are expected to be strong [26],
and according to [1] the algorithm usually converges after a
small number of iterations. However, it is possible for the al-
gorithm to take many iterations to converge, and to the best of
our knowledge, the limit of its scalability has not been estab-
lished and remains a future research direction. Also, the run
time of these bilevel optimization algorithms can generally be
boosted by “warm-start” initial feasible solutions. Thus, explor-
ing heuristics for finding high-quality initial feasible solutions
is also another important avenue for future research. One can
then combine those initialization heuristics with cloud comput-
ing for solving these bilevel optimization problems on networks
of various scales in order to rigorously establish the trade-offs
regarding run time as the size of the problem increases, and
provide insights into the limits of its scalability.

VII. CONCLUSION

In this paper we developed optimization formulations for as-
sessing the efficacy of transmission line reactance tweaking
as a post-disturbance control mechanism using two different
measures of system resilience. We gave a rigorous MILP
reformulation scheme to facilitate the global optimization of
the bilevel non-convex MINLP corresponding to the worst-case
efficacy of this mechanism. We also derived a MILP formulation
for computing an exact upper bound (best-case efficacy) on the
amount of load saved post-disturbance as a pure contribution of
reactance-tweaking in dealing with any N − k contingency for
a given k. A main feature of our model is its ability to track
the multi-stage evolution of cascading failures before the SO’s
post-disturbance response.

Although the economic viability, engineering design, and
implementation of a post-disturbance reactance-tweaking
technology are not discussed in this paper, our results can
potentially motivate researchers to dig deeper into this idea and
cover various aspects of such technology as interesting future
research problems. Naturally, a reactance tweaking device (e.g.
TCSC) would have applications way beyond post-disturbance
control. Thus, another major future direction could be to
develop a comprehensive framework for identifying optimal
locations of these devices for post-disturbance control purposes
among other applications.

Finally, developing heuristics for initializing the bilevel op-
timization process with warm starts, and also exploring the use
of cloud services for large-scale networks, are other important
avenues for future research as far as run time and scalability are
concerned.

ACKNOWLEDGMENT

This work was presented in A. Faghih’s Ph.D. dissertation
titled “On control and optimization of cascading phenomena in
a class of dynamic networks,” Massachusetts Institute of Tech-
nology, Cambridge, MA, USA, 2015.

REFERENCES

[1] L. Zhao and B. Zeng, “Vulnerability analysis of power grids with line
switching,” IEEE Trans. Power Syst., vol. 28, no. 3, pp. 2727–2736,
Aug. 2013.

[2] P. Trodden, W. Bukhsh, A. Grothey, and K. McKinnon, “Optimization-
based islanding of power networks using piecewise linear AC power
flow,” IEEE Trans. Power Syst., vol. 29, no. 3, pp. 1212–1220,
May 2014.

[3] J. Arroyo and F. Fernandez, “A genetic algorithm approach for the analysis
of electric grid interdiction with line switching,” in Proc. Int. Conf. Intell.
Syst. Appl. Power Syst., 2009, pp. 1–6.

[4] Y. Lu and A. Abur, “Static security enhancement via optimal utilization
of thyristor-controlled series capacitor,” IEEE Trans. Power Syst., vol. 17,
no. 2, pp. 324–329, May 2002.

[5] S. Gerbex, R. Cherkaoui, and A. J. Germond, “Optimal location of
multi-type FACTS devices in a power system by means of genetic
algorithms,” IEEE Trans. Power Syst., vol. 16, no. 3, pp. 537–544,
Aug. 2001.

[6] J. Paserba, N. Miller, E. Larsen, and R. Piwko, “A thyristor controlled
series compensation model for power system stability analysis,” IEEE
Trans. Power Del., vol. 10, no. 3, pp. 1471–1478, Jul. 1995.

[7] C. Canizares and Z. Faur, “Analysis of SVC and TCSC controllers in
voltage collapse,” IEEE Trans. Power Syst., vol. 14, no. 1, pp. 158–165,
Feb. 1999.

Authorized licensed use limited to: b-on: Universidade de Coimbra. Downloaded on April 27,2025 at 07:16:21 UTC from IEEE Xplore.  Restrictions apply. 



4930 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 34, NO. 6, NOVEMBER 2019

[8] R. Billinton, M. Fotuhi-Firuzabad, and S. Faried, “Power system reliability
enhancement using a thyristor-controlled series capacitor,” IEEE Trans.
Power Syst., vol. 14, no. 1, pp. 369–374, Feb. 1999.

[9] N. Acharya and N. Mithulananthan, “Influence of TCSC on congestion
and spot price in electricity market with bilateral contract,” Elect. Power
Syst. Res., vol. 77, no. 8, pp. 1010–1018, Jun. 2007.

[10] S. Singhand and A. David, “Optimal location of FACTS devices for con-
gestion management,” Elect. Power Syst. Res., vol. 58, no. 2, pp. 71–79,
Jun. 2001.

[11] P. Tiwari and Y. Sood, “An efficient approach for optimal allocation and
parameters determination of TCSC with investment cost recovery un-
der competitive power market,” IEEE Trans. Power Syst., vol. 28, no. 3,
pp. 2475–2484, Aug. 2013.

[12] D. Bienstock and A. Verma, “The n− k problem in power grids: New
models, formulations, and numerical experiments,” SIAM J. Optim.,
vol. 20, no. 5, pp. 2352–2380, Apr. 2010.

[13] J. Arroyo, “Bilevel programming applied to power system vulnerability
analysis under multiple contingencies,” IET Gener., Transmiss. Distrib.,
vol. 4, no. 2, pp. 178–190, Feb. 2010.

[14] A. Pinar, J. Meza, V. Donde, and B. Lesieutre, “Optimization strategies
for the vulnerability analysis of the electric power grid,” SIAM J. Optim.,
vol. 20, no. 4, pp. 1786–1810, Feb. 2010.

[15] V. Donde, V. Lopez, B. Lesieutre, A. Pinar, C. Yang, and J. Meza, “Severe
multiple contingency screening in electric power systems,” IEEE Trans.
Power Syst., vol. 23, no. 2, pp. 406–417, May 2008.

[16] J. Salmeron, K. Wood, and R. Baldick, “Worst-case interdiction analysis of
large-scale electric power grids,” IEEE Trans. Power Syst., vol. 24, no. 1,
pp. 96–104, Feb. 2009.

[17] V. Bier, E. Gratz, N. Haphuriwat, W. Magua, and K. Wierzbickiby,
“Methodology for identifying near-optimal interdiction strategies for a
power transmission system,” Rel. Eng. Syst. Saf., vol. 92, no. 9, pp. 1155–
1161, Sep. 2007.

[18] A. Motto, J. Arroyo, and F. Galiana, “A mixed-integer LP procedure for
the analysis of electric grid security under disruptive threat,” IEEE Trans.
Power Syst., vol. 20, no. 3, pp. 1357–1365, Aug. 2005.

[19] A. Delgadillo, J. Arroyo, and N. Alguacil, “Analysis of electric grid in-
terdiction with line switching,” IEEE Trans. Power Syst., vol. 25, no. 2,
pp. 633–641, May 2010.

[20] T. Kim, S. Wright, D. Bienstock, and S. Harnett, “Analyzing vulnerabil-
ity of power systems with continuous optimization formulations,” IEEE
Trans. Netw. Sci. Eng., vol. 3, no. 3, pp. 132–146, Jul. 2016.

[21] Q. Ba and K. Savla, “Robustness of DC networks with controllable link
weights,” IEEE Trans. Control Netw. Syst., vol. 5, no. 3, pp. 1479–1491,
Sep. 2018.

[22] B. Geißler, A. Martin, A. Morsi, and L. Schewe, “Using piecewise lin-
ear functions for solving MINLPs,” in Mixed Integer Nonlinear Pro-
gramming (The IMA Volumes in Mathematics and Its Applications),
vol. 154, J. Lee and S. Leyffer, Eds. New York, NY, USA: Springer, 2012,
pp. 287–314.

[23] A. Bergen and V. Vittal, Power Systems Analysis, 2nd ed. Upper Saddle
River, NJ, USA: Prentice-Hall, 2000.

[24] A. Molina-Garcia, F. Bouffard, and D. Kirschen, “Decentralized demand-
side contribution to primary frequency control,” IEEE Trans. Power Syst.,
vol. 26, no. 1, pp. 411–419, Feb. 2011.

[25] G. Glanzmann and G. Andersson, “Coordinated control of FACTS devices
based on optimal power flow,” in Proc. 37th Annu. North Amer. Power
Symp., 2005, pp. 141–148.

[26] B. Zeng and L. Zhao, “Solving two-stage robust optimization problems us-
ing a column-and-constraint generation method,” Oper. Res. Lett., vol. 41,
no. 5, pp. 457–461, Sep. 2013.

[27] L. Zhao and B. Zeng, “An exact algorithm for two-stage ro-
bust optimization with mixed integer recourse problems,” Dept.
Ind. Manage. Syst. Eng., Univ. South Florida, Tampa, FL, USA,
2012. [Online]. Available: https://pdfs.semanticscholar.org/6b15/
8459656b321a0791cc9df4a09af161c8f5e2.pdf

[28] C. Grigg et al., “The IEEE reliability test system–1996. A report prepared
by the Reliability Test System Task Force of the Application of Proba-
bility Methods Subcommittee,” IEEE Trans. Power Syst., vol. 14, no. 3,
pp. 1010–1020, Aug. 1999.

[29] Gurobi Optimization Inc., Houston, TX, USA. Gurobi Optimizer Refer-
ence Manual Version 6.0.2., 2015.

Authorized licensed use limited to: b-on: Universidade de Coimbra. Downloaded on April 27,2025 at 07:16:21 UTC from IEEE Xplore.  Restrictions apply. 

https://pdfs.semanticscholar.org/6b15/8459656b321a0791cc9df4a09af161c8f5e2.pdf


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


